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ABSTRACT 
How should a pair of n-sided dice be loaded (identically) so that on throwing the dice 
the frequency of the most frequently occurring sum is as small as possible ? A partial 
answer is given. 
For a fixed integer n >~ 1, let A = (a0, al ..... a,~) denote a point in 
Euclidean (n + 1)-space, let 
p(A, x) = ~ a~x ~, 
j=O 
2n 
q(A, x) = p2(A, x) = ~ cj(A) x ~, 
J=O 
M(A) = max c~(A). (1 )  
J=0.1 . . . . .  2n 
and let 
Moser [1, p. 342] asks for the min imum of M subject to the conditions 
a~O j=O,  1 ..... n, (2) 
~aj=l .  
j=0 
Since the coefficients in [(1 --  x)-89 2 = 1 + x + x z + "'" are actually 
equal, it is perhaps natural to hope that the components do, ffl ..... fin of the 
min imum producing A are the first (n + 1) coefficients in the Maclaurin 
expansion of (1 --  x) -~ normed so as to add to 1. That is, 
d~ = K(n) ( - -  1) j, j = 0, 1,..., n, 
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where 
]4 
K(n) = (--1)J = 2(4) ..-(2n)/3(5) ... (2n -t- 1). 
j=O 
We conjecture that .4 does indeed produce the minimum (and can prove it 
if n = 1 or 2) but must content ourselves here with showing that it is a 
relative minimum. 
THEOREM. .4 is a relative minimum point of M subject o the conditions 
(2); moreover M(A) = K2(n). 
PROOF: -4 satisfies (2) and, since (1/K(n))p(A, x) is the Maclaurin series 
of  (1 --  x)-~ truncated after the x n term, 
2n 
[(1/K(n)) p(-4, x)l z = (1/K2(n)) q(A, x) = (1/K2(n)) ~ cj(-4) x j, 
j=0 
where 
(1/K2(n)) cj(-4) = I 1' 0 <~ j <~ n, 
<1,  n -k l <~ j <~ 2n. 
It follows that M(-4) = K2(n). To complete the proof  we show that for 
admissible A in a sufficiently small g-neighborhood of -4 there is an index 
k(A), 0 ~ k(A) <~ n, such that V~(a)Ck(A ), the directional derivative of 
ck(a) in the direction a(A) = (A --  A)/[[ A --  -4 [], is positive at -4 and does 
not vanish on the segment from -4 to A. Toward developing a mechanism 
for selecting k(A), we first show that for admissible A at least one of 
V~(a)ck(A), k ---- 0, 1 ..... n is positive. Computing the directional derivatives 
of  the 
k 
ek(A) = ~ ajak_j, k = O, 1 ..... n 
j=O 
yields 
k 
Vc,(a)ck(.4) = 2 ~ a-~_j~xj, k ---- O, 1 ..... n. 
j=O 
Now since .4 and A are admissible, admissible directions ~(A) are unit 
vectors which satisfy 
38 CLEMENTS 
Let am be the first non-zero coordinate of ~. I f  am > O, then 
V~c~(~/) = a0~m > 0, 
so it is no loss of  generality to assume ~,~ and therefore V~c,~(A) are < 0. 
But 
k=O k~O j=O j=O k=O 
= K2(n) ~ o~j = O, 
J=0 
so one of V~ck(~/), 0 ~ k ~< n must be positive. (A k which renders 
V~(A)Ck(~/) positive will not necessarily serve for k(A)). 
Next for admissible directions o~ for which V~ck(ei) is non-negative, 
define Dk(c0 to be the solution t of  V~ck(A + t~) = 0 if 0 ~< t < 1, and 
otherwise 1. Thus if V~c~(A) is non-negative, Dk(~) gives a distance in the 
direction over which this derivative is non-negative. Dk(c 0 is a continuous 
function of  ~ defined on a closed hemisphere/qk in n space and positive 
on the corresponding open hemisphere H~. This is because 
is the surface of  an (n ,  1)-sphere and by continuity, since Dk(a) is 
positive at some points of 
i:o -=ol, 
it is positive at all other points of  Sn on the same side of  Sn-1 9 
Since each point ~ on S,~ is a direction for which at least one of 
V~c~(~/), k = 0, 1,..., n is positive, it follows that the open hemispheres 
Hk,  k = 0, 1 ..... n cover S , .  Each Hk can be reduced by cutting off a strip 
near the edge of the hemisphere narrow enough so that the resulting closed 
reduced hemispheres Hk*, k = 0, 1 ..... n are still a cover o fSn.  
This can be explained more fully as follows: For points P on Sn, let 
li(P) denote the distance to the edge of Hi if p ~ Hi and otherwise 0. 
Next let 
L(P) = max li(P). 
i=O . . . . .  n 
L is continuous on S~, and positive. Then for some L 0 > 0, L(P) ~ L o 
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for P e S, ,  and each /ark can be reduced by cutting off a strip of width 
Lo/2 adjacent o the great circle associated with H~ to obtain closed sets 
H* which are still a cover of Sn 9 We conclude that there is a 3 > 0 such 
thatDk(~)>~Sfor~eH* ,k=0,1  .... ,n. 
This construction gives a procedure for selecting k(A). Let an admissible 
A in the f-neighborhood of A be given. Then a(A) is a point on 
Sn and is therefore covered by an H* which we denote H*(A) 9 Then 
V~(a)ck(a)(A ) :/= 0 since the only directions for which zero was possible 
here were removed in going from Hkta) to H*(A), and V~(a)ck(a) remains 
positive for a distance Dk(A)(~(A)) 7> ~ > 0 in the a(A) direction. It follows 
that 
M(A) >/ckta)(A) > ce(al(2) = M(A) 
and the proof is complete. 
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